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Abstract The raised cosine filter is used in wireless transmission (e.g. 3GPP) to pulse-shape
the chip stream output before it is modulated to the RF. The spectrum is bandwidth limited in
order to avoid interferences with neighbour symbols.
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I. INTRODUCTION

The amplitude steps in a digital chip stream are the
cause for high-frequency spectral components. Since the
signal is transmitted on a bandwidth-limited channel,
smearing of adjacent symbols may happen, known as
inter symbol interference (IST). In order to avoid such
interference, the signal is low-pass filtered.

The raised-cosine filter satisfies the Nyquist criterion of
suppressing the spectral distortion at integral multiples
of the sampling rate. To improve noise cancellation, the
filter is usually split into two parts, the root-raised-cosine
filter, one at the sender side and the other at the receiver
side.
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FIG. 1: Split Filter

The transfer function of each of the two filter parts
is the root-raised cosine (RRC) function, which is the
square root of the raised cosine filter function. The com-
bination of the two root-raised cosine filters yields the
raised cosine transfer function.

A. Raised Cosine Filter

The transfer function of the raised cosine filter is (acc.

[1]):
for |w| < w;

Hre(w) = 4(1 + cos(r=21))  for wy < |w| < ws

ST

for |w| > wo

*http://www.michael-joost.de;
Copyright (© 2010 Michael Joost. All rights reserved.

1-— 1
with  wy = Twc , wo = * Twc
2 2
o (1)
and A=—="T,
We

In this notation the total energy is (see Appendix 1):

el = [ lnc)Pds = T -1 @)

oo We

B. Root-Raised Cosine Filter

The transfer function of the root-raised cosine filter is:

B for |w| < wy
Hpre(w) = %\/1 + cos(w‘“’r‘%) for wy < |w| <ws
0 for |w| > wo

with B=vA= 2= T, (3)
We

In this notation the total energy is (see Appendix 2):

[Hrrcl? = [ Here@Pdo = 2 @)

oo

The (normalized) spectrum of the RC and RRC filter
is shown in Fig 2.
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FIG. 2: RC & RRC Transfer Function



To obtain the impulse response frrc(t) from the
transfer function it is assumed that the impulse response
is a real, even function, hence, frrc(t) = frro(—t).

Then, frrc(t) can be calculated from the Fourier in-
tegral:

frrc(t)

/ HRRC( ) iwt dw

1 (e 9]
== / Hppe(w) cos(wt) dw
T Jo

B [*?
=— / cos(wt) dw
T Jo

1 [«2
+— Hrpre(w)cos(wt)dw  (5)
T
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1 o
+ —/ 0 cos(wt) dw
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B
- sin(wt) .
1 [«2

+ = Hppe(w) cos(wt) dw
i
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The signal is a superposition of three spectral com-
ponents. The first component is a constant spectrum,
resulting in a sinc component in the time domain. The
second spectral component results from the root-raised
cosine function, and the third component (at higher fre-
quencies) is zero.

Thus, the impulse response function is

™

ft) = B (% sin(wst)

— 1 wWa
+ — 1 4 cos(a|w| — b) cos(wt) dw
5 | VT eoston) o
1.
with @ = —— = =¢
TWe 2r
Tw L rw 1—r ©)
and b= — = 2 C=nm
TWe TWe 2r
To calculate the integral in (6) we consider that
cos(z) = cos(E + E) = cosQ(E) — sin2(£)
2 2 2 2 (7)

1 em2(Ey 2Ty 1 92T
=1 8111(2) 8111(2) 1 25111(2)

and therefore
.2, T . 2,T
1+cos(z)=1+1—2sin (5) = 2(1 — sin (5))
_ 2%
= 2cos (2) (8)

= |1+ cos(z \/_|cos )|

The primitive of the integral from (6) can therefore be
evaluated as

/ V/1+ cos(alw| — b) cos(wt) dw
1
= \/ﬁ/cos(i(a|w| — b)) cos(wt)dw (9)
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With the partial integration rule

/fuquwzﬂmmm—/fuM@Mx (10)

and

f@) = cos(Glalel =) g(w) = gsin(wr) (1)

F() = ~ 5 sin((ale] 1) ¢'(w) = costwr)  (12)

we get from (9)

/cos(l(a|w| — b)) cos(wt) dw =
2 ——
| —
@) g
1 1 .
cos(§(a|w| —b)) i sin(wt)

—_—
f(w) 9(w)

a . 1 1.
_/_§SIH(§(G|¢U| — b)) sin(wt) dw =
R

) g(w)
(cos(%(a|w| — b)) sin(wt)

~ | =

a .1 .
+ B /81n(§(a|w| —b))sin(wt) dw) (13)

Falw) g5(w)

Applying the partial integration rule again with
fa(w) = sin(

(alol ~B)  gaf) = — cos(wr) (14)

DN | =

() = § cos(alwl b)) gh(w) =sin(wr)  (15)



we get

/cos(

1 1 .
= (cos(g(a|w| — b)) sin(wt)

(alw| — b)) cos(wt) dw

N | =

a ! 1
+ 5(— s1n(§(a|w| —b)) i cos(wt)

a 1 1
- /5 cos(§(a|w| - b))(fg cos(wt)) dw)>

1 1 .
== (cos(§(a|w| — b)) sin(wt)
a . 1
ST Sm(§(a|w| -b)) cos(wt))

1
+ yve] cos(i(a|w| — b)) cos(wt) dw

Resolving for [ cos((alw| — b)) cos(wt) dw yields

(1-—) /cos(%(a|w| —b)) cos(wt) dw

4¢2

1 1 .
=7 (cos(§(a|w| — b)) sin(wt)

- %sin(%(a|w| —b)) cos(wt)) (17)

/cos(%(a|w| — b)) cos(wt) dw

1 1 i
| = @ (COS(§(a|w| — b)) sin(wt) (18)

a . 1
~ 5 s1n(§(a|w| —b)) cos(wt))

From (9) we get

/ V/1+ cos(alw| — b) cos(wt) dw

V2 1 '
— o a_2) (COS(§(a|w| — b)) sin(wt)

42

- %sin(%(a|w| —b)) cos(wt)) (19)

and the integral value

1+ cos(aw — b) cos(wt) dw

Y 1 |
ﬁfgﬂeﬂﬂmwmww
a . 1
~ 5 s1n(§(auJ2 -b)) cos(th))

- (cos(%(awl — b)) sin(wit)
4 sin(%(awl — b)) cos(wlt)»

2t
B a |
= o %) (cos(i(awg — b)) sin(wat)
a . 1
~ 5 51n(§(auJ2 — b)) cos(wat)

- cos(%(awl — b)) sin(w1t)

+%m§wwwmeﬂ (20)

With a = -7~ and b = %:T) we can make these substi-
tutions 4

%(awl—b):%(ﬂzcl2rwc—7r12rr)
T, (1—-r) 1-—r
:5( o 2r)
=0

cos(%(awl —-b)=1
(21)

1
= sin(§(aw1 -b)=0 ,

and
1 © 1+7r 1—r
_(aw27b):§(rwc g T Ty )
rm (1+r) 1-r
_5( % 27’)
7
T2

cos(%(awg -b)=0
(22)

1
= sin(§(aw2 -b)=1 ,

and get for the integral value

1+ cos(aw — b) cos(wt) dw

_4t\/§(

T ()

TWe

cos(g) sin(#wct)



1 1-—
- sin(ﬁ) cos(%wct) — sin( 5 Twct))

2trw, 2 .
B ( 1-Urg) t
10 = 2 (i gy (0 )
4t /2 T 147 1= e\, T, c
T a2 ()2 \ 2trw, cos(—5wet) —sin(——wet) (4r)? ¢
e ‘ + ———<———sin((1 —r)7r—) (29)
(23) (EETEaTE T,
4t t
Now we have with (6) + —thgt cos((1 + 7")”_)>
(1= (rs)?) 7 T
B/1 1-— 4t
f(t) = - (; sin( wet) + 2 (E)
_ L (24) h_ B (] (4r4)% + (4r)? ,
(g oot ot - st 10 =2 (i A )
4r
+ = (47’%)2)% cos((1 —|—7‘)7T—C))
30
. At (30)
1ty =2 (s —rrty+ —2__
el A —(32)
(25)
Te t . t
(- g cost@ 4 ) = sin((1 = i) ) ) o = o ST ko1 )
B m (1= (4r4)?)
. B 1
B/1 + with C=—-= (31)
ft)=— (; sin((1 — T)W?)—I— T. VT.
AT, t . _
m i cos((1 + T)ﬂ'F) (26) The total energy is (see Appendix 3):
2r ¢
4t . t 2 > 2
+ Ty g = D) rncl? = [ lfmncPae = 1 (@32)
2r ¢ —00
According to Parseval’s Theorem we find confirmed that
IHrrell® = 27 || frrell?
B (T, t
/ “Csin((1 — r)m—
f®) T, ( t sin( T)WTC) II. IMPULSE RESPONSE FUNCTION
AT, X
+ (Le)2 — 4g2 sin((1 — T)ﬂ-_c) (27) The impulse response of the root-raised cosine filter is
" At T2 ; according to (eq 31), and also as defined by the 3GPP
+ ST " cos((1 + r)ﬂ-—)) standard [2], neglecting the constant factor C:
ho(1TL) = sin(mt(1 — 7)) + 4rt cos(mt(1 + 1))
7t (1 — (4rt)?)
B ( 1-(rg)? t
f@) = — (—i(l —u ERY sin((1 — r)ﬂ'F) ) '
e \7, r7-)?) c with the chip-length T, and r = 0.22 (chosen by 3GPP)
AT, 4(Z)2 L ¢ (33)
+ T.) T. - sin((1 — r)w?) (28)
(L a2 ) c
N 4tT62 TLCS cos((1 - 1) + ) A. Singularities
= )T —
42;25 — 4t2 4t7“,1r3 TC

This function has two removable singularities, one at
t = 0 and the other at t = :I:ﬁ.



The function value at these singularities can be calcu-
lated using L’Hopital’s rule:

lim @ = lim ()

g(x) — w—a g'(2)

(34)

since lim f(z) = lim g(x) = 0.

r—a r—a

B. Zeroes Of Numerator and Denominator

The denominator function is obviously zero for argu-
ments t =0 and t = i4—1r. The numerator function value
at these arguments is also zero:

t=0
sin(m0(1 — 7)) + 4r0 cos(w0(1 + 1)) =0

sin(mt(1 —r)) + 4rt cos(mt(1 + 1))

and

sin(wt(1 —r)) + 4rt cos(mt(1 + 1))

t==44=
. om(l—=r) w(1+7)
AR VANE SN A
sin(— ) & cos(= )
with sin(—z) = —sin(x) and cos(—x) = cos(x):
1-— 1
+ Sm(u) + COS(M) —
4r
:I:sin(% - %) :I:cos(;rr + %) =
with cos(x) = sin(§ — x):
T T
:l:SlH(E — Z) iSID(E — 4_7“ — Z) =
™ ) T,
:l:SlIl(—T Z)isln(z — 4_7“)
T T
tein(Z T Ty
sin(gy — P Tl =) ’

C. Derivatives

The derivative of the numerator function in eq. (33)
is:
f(t) =7(1 —7r)cos(mt(l — 1)) + 4r cos(mt(1 + 7))
—drtn(1 +r)sin(wt(1+7r)) (35)

The derivative of the denominator function in eq. (33)
is:

g/(t) = n(1 — 48(r1)?) (36)

D. Function Value

For t — 0 the function value of the impulse response
function is

im @ = lim M0 =
=0 g(t)  t=0g'(t)
(1 —r)cos(m0(1 — 7)) + 4r cos(w0(1 + 7))
(1 — 48(r0)2)
~ ArOm(1 +7)sin(r0(1 + 1))
m(1 —48(r0)?)
m(l—7r)l+4rl

For t — i4—1r the function value is

im & = lim M0 =
t—tL g(t) =+t g'(t)
m(1 —7r)cos(fz(1 —7)) +4rcos(L(1+ 7))
(1= (L))
drtm(l4r)sin(£ (1 +7))
m(1—48(r4)?)

1

- o (1+1)

<7r(1 —r) COS(I—T(l —r))+ 4rcos(4

—m(l+7) 51n(4 (1 —I—r))) =
%( (I+7r) sm(4 (I+7r)—m(l=r) cos(4r(1 —1))

74rcos(4 (1 +T))) (39)

with sin(x + y) = sin(z) cos(y) + cos(z) sin(y)
and cos(z + y) = cos(x) cos(y) — sin(x) sin(y):

= % (71'(1 + r)(sm(;T )cos(Z) + cos(%) sin(%))

—m(l— r)(cos(z ) cos( 4) + sm(IT) sin(%))
_ 4r(cos(%) cos(%) — sin(%) sin(g)))

(40)
with cos(§) = sin(§) = \/ig:

™

(7‘(‘(1 + r)(sin(;r—r) + COS(E))

)+ sin(%)) (41)

1
B 2#\/5

—m(l— r)(cos(I—T

- 4r(cos(%) — sin(%)))



1 ™
= o <s1n(ﬂ)(27ﬂ" + 4r) (42)
+ cos(%)(%rr - 4T))
2r . 2
= Vo (5111(4 )1+ =)+ COS(E)(l - ;))
ho(ierC) = \% <(1 - %)sin(ﬂ) +(1- ;)COS(—T))
(43)

E. Impulse Response

The impulse response graph® according to (eq 33) of
the RRC filter is shown in Fig. 3.
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FIG. 3: Impulse Response

The impulse response of the root-raised cosine filter
is not exactly zero at integral multiples of T, only the
combined (raised cosine) filter can avoid inter-symbol in-
terference.

For example, after one symbol length, hence for ¢t = 1,
the impulse response value is (from eq 33)

sin(m(1 —r)) + 4rcos(n(1 + 7))
™ (1= (4r)%)

£ 0

rel]0,1[

ho (Tc) = (44)

1 Interactive diagrams of the spectrum and the impulse response
can be found at http://www.michael-joost.de/tech.html

III. SPECTRUM

The spectrum! of the RRC filter is shown in Fig. 4.
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FIG. 4: Spectrum

IV. FINITE IMPULSE RESPONSE FILTER

The RRC filter is implemented by a Finite Impule Re-
sponse (FIR) structure:
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>

FIG. 5: FIR Filter Structure

The filter length is (for example) n = 32 taps, multi-
plied by the oversampling factor osf. The n *x osf + 1
filter coefficients are determined according to (eq 33).
The FIR filter causes a signal delay of half it’s length.

A FIR filter with oversampling factor 4 and 4*32 taps
has a filtered response to a random digital input signal
as shown in Fig. 6. The output signal has been shifted
in this diagram by half the filter length, to match the
position of the input signal.
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FIG. 6: RRC Time Domain Response

V. CONCLUSIONS

A digital FIR filter can be used to reduce the band
width of the step-affected chip stream. The filter has to
use oversampling (osf > 2), as no frequencies above half
the filter’s sampling frequency can be handled (Nyquist),
while the upper frequency point ws is at more than half
the chip rate.
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Appendix

1. Energy in Frequency-Domain of Raised Cosine
Filter

| Hroll? = / Hpe () dw = 2 / | He ()2 dw
—00 0

A2 w2 _
= 2A2w1 + 7 Y “1

(14 cos(m ))? dw

(45)

w1 TWe

The integral can be written as

—wq

/(1 + cos(wwrwc )2 dw

= /(1 + 2 cos(aw + b) + cos*(aw + b)) dw

-1
and b= r
TWe 2r

with a = ™

= / dw + 2/cos(aw +b)dw + /cosQ(aw +b)dw
(46)
Now we need to find the primitives for those three inte-

grals. The first integral yields w, obviously.
For the second integral, using the substitution rule

[ o) ae = [ re)—t=az withz = g

(47)
we get the primitive:
with f(2) = cos(z), z = g(w) =aw + b, ¢'(w) = a
1
/cos(aw +b)dw = /cos(z)— dz
¢ (48)

1 1
= — i = — i b
sin(z) sin(aw + b)

For the third integral, considering the partial integration
rule

/ f@)d (@) dz = [(2)g(z) - / f@)g@)dz  (49)

and

g(w) = i sin(aw +b)  (50)
g'(w) = cos(aw + b) (51)

f(w) = cos(aw + b)
[ (w) = —asin(aw + b)



we get

a

1
/0052 (aw 4+ b) dw = — sin(aw + b) cos(aw + b)

(52)
+/sin2(aw +b)dw
Since  sin(z) cos(z) = 3 sin(2z)
and  sin*(z) = 1 — cos?(z)
/cos2(aw +b)dw = % sin(2(aw + b))
(53)
+ /(1 — cos*(aw + b)) dw
/0052(aw +b)dw = % sin(2(aw + b))
(54)
+w-— /cos2(aw +b)dw
1
=2 [ cos*(aw + b) dw = — sin(2(aw + b)) + w
/ 2a (55)

1
= /cosQ(aw +b)dw = 1a sin(2(aw + b)) +

| &

Inserting the integral parts from (48) and (55) into (46)
yields the primitive

1
F(w) =w+ 2—sin(aw + b)
a

1
o sin(2(aw + b)) + g
g (56)
=3 u sin(aw

L.
+ 1 sin(2(aw + b))

The definite integral in (45) has the value

3wy 2
Fws) — F(w)) = % + = sin(aws +)

+ L sin(2(aws + b))

4a
3w 2 .
— 71 - sin(awy + b)

1.
e sin(2(aw; + b))
_ 3(wa — wq)
2
+ 2 (SiD(GWQ + b) — sin(aw1 + b)) (57)

a

+ i (sin(2(aw2 + b)) — sin(2(aw; + b)))

sin(z) — sin(y) = 2sin(%5%) cos(*EY):

With = :

~ 3rwe
2

+ §2sin(g(w2 - wl))cos(g(wl Twa) b)) (58)

1
+ 4—2 sin(a(ws — w1)) cos(a(wy + wa) + 2b)
a

The argument to the first of the sin() terms is

a( ) = T 147 1—r )
2 2T T g e T T (59)
T we 1+ L 47r) = 7r
C 2rw, 2 " "= 2
so, sin(%) = 1, and accordingly for the second sin()

term: sin(m) =0.
The definite integral is therefore

~ 3rwe
2
+4 ( s (1+7’ 1—r )+T—1)
— cos wWe We T
a 2rw. - 2 2 2r
3rwc+4 ( T 2w r—l)
= — co
2 a 2rw. 2 2r T
3rw. 4
= r2w + —cos(%(l +r—1))
3rw. 4
=5+ g eos(y)
_ 3rwe
2
(60)
Now we can calculate the enery from (45):
5 5 A? 3rw,
[Hrel|” = 24%w1 + —
2 2
A% 1 —7 3rwe
= e e+ ) ()
2
=—4@1-7r)+3r)
We
2 ™
= [Hrel” = —@-r)| (62)




2. Energy in Frequency-Domain of Root-Raised
Cosine Filter

Calculating the energy for the RRC filter is surpris-
ingly simple.

oo
| Hanc|? = /
—o0

_ 2/ | Hino ()2 dw
0

= 2B%w, + B? /

w1

|Hrro(w)|* dw

w2

(1 + cos(

TZ (w—wq))dw
’ (63)
= 2—7T (2&)1 + (LUQ — wl)

We

wo T
+/w1 cos(rwc(wwl)dw)

For the integral we know the primitive from (eq 48):

F(w) = é sin(aw + b)

TWe

= sin(
m TWe 2r

F(ws) — F(w) = — sm(rzzcwg + %(r -1))
_ 7’:6 sin( w1 + —r(r —1))
= (T 2T T )
™ c 2 2r
_ T:c sin( wcwcl ; r + ;—T(r —1))
TWe

(65)

That leaves

2T 2
|Hrrell? = o (Witwz)=—w. (66)

C UJC

= |Hrre|> = 27| (67)

3.

Energy in Time-Domain of Root-Raised Cosine
Filter

||fRRC||2 :/ |fRRc(t)|2dt

— 00

9T, [ (sin((1 — r)m) + 4r- cos((1 + r)m£)?
_ 2T / - : = at
™ Jo (1= (4r4)%)?
2T, /°° (sin(wit) + kt cos(wat))? gt
2 2 (1= (kt)?)?
. 1—r)m 147w
Wlth w1 = (T) Wo = %
4r
tn
2T, [ [ sin?(wit)
2L ——dt
lrenet® = 5[ =
°° tsin(wyt) cos(wat)
2
<2 [ S e
< 12 cos?(wat)
2
o [ )
2T, ( /°° sin?(wyt) &
- 2 2 (1 — (kt)2)2

°° t(sin(wet) — sin(rw.t))
) e

£ /ooo tf(f OS2<(§2>?>2 dt)



